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List of Identities: 

1 . P <&(P VP) idempotence of V 

2. P«<PAP) idempotence of A 

3. (P VQ) 43<Q VP) - — commutativityofV 

4. (P AQ) <$>(Q AP) commutativity of A 

5. [(P VQ) VR] *»[P V(Q VR)] - — associativity of V 

6. [(P AQ) AR] *»[P A(Q AR)] - — associativity of A 

7. -(P VQ) <=K-n P A-iQ) - — DeMorgan's Law 

8. -(P AQ) P V-Q) DeMorgan's Law 

9. [P A(Q VR] «{(P AQ) V(P AR)] - — distributivity of A 



10. [P V(Q AR] <*[(P VQ) A(P VR)] - — distributivity of V 



11. (P VTrue) «*True 

12. (P AFalse) ^False 

13. (P VFalse)^P 

14. (P ATrue) 4»P 

15. (P V-P)«»True 

16. (P A-P) AFalse 

17. P P) double negation 

18. (P -4Q) P VQ) implication 

19. (P «Q) ^[(P -»Q) A(Q -»P)]- — equivalence 

20. [(P AQ) -4R] <=>[P -4(Q ->R)] exportation 

21. [(P ~4Q) A(P -H.Q)] «~-P absurdity 

22. (P -4Q) «»(-iQ --»-iP) contrapositive 



over V 



over A 




List of Implications: 



1. P=KPVQ) 

2. (PAQ)=*P 



addition 
simplification 
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3. [P A(P -~»Q] =5»Q modus ponens 

4 [(p __>Q) A-Q] =>-P modus tollens 

5. [ -P A(P S/Q] =>Q disjunctive syllogism 

6. [(P -*Q) A(Q -4R)] =»(P -4R) - — hypothetical syllogism 

7. (P -*Q) =>[(Q -»R) -*{P -»R)] 

8. [(P-*Q)A(R-»S)]=H(PAR)~-KQAS)] 

9. [(P *-»Q) A(Q «4R)] =KP *>R) 

1 . Construct the truth tables for the following tables for the 
following statements, and use the results to find logical 
implicationsand logical equivalences among them( say 
which statements imply which others, and which are 
equivalent to which others). 

a. p —> q) A (p q) 

b. p V(p — ¥ q) 

c. p A (p^q) 

d. p -» q) A ( p -» q) 

e. p p q) 

f. q A (p -> q) 

Solution: 

Here are the solutions for a, c & e... 

(a)(p q) A (p ->1 q) 
Assuming you have gone through the notes material 
explaining the basic concepts 

Of Logic, we start building the truth tables without 
much explanation of as to how the truth values came. 
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1.14) Show that the statements p V q V r V s and( ~\> 
A ~iq A "¥) — > s are equivalent. 
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The truth values for p V q V r V s &( ~p A ~k\ A Tr) s 
are same in each case, then we can conclude that p V q V r V s 
and( ~p A ~q A "r) ~* s are logically equivalent, written as 

pVqVrVsC5(" 1 p A "Tq A ""¥)->s 

.Sets gl&>*»4i2.1 

1 . The set of students in this class 

2. The set N of natural number(all non-negative integers) {0, 
1,2,3,...} 
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3 . The set Z of all integers both positive and negative { . . . , 
-2,-1,0,1,2,...} 

4. The set Q of all rational numbers(numbers that can be 
expressed as p/q, where p and q are elements of Z 

5. The set R of real numbers. 

6. The set C of complex numbers 

« <UI ^.. a T iJlj 'ut t ! j_& jLfi 4^ja»JLI j_ussLi£ (jrUJ j m'utt <jU=» lilt . 1 

.j urt' i r ij\ if Xc ij ^ i & Ci lial A-Jb>- Ac j .»^ > JLI qjSj .2 

.^iJU>»j« ji<f>l'ntl JJLft fot <UgT>Jua 4Aj.»»m (jj^io .3 

• tj^Vt.a jag LAj-kjUc JiJLC pLa tel 4 j g'tV Ac J.C*>i\ i)j£> .4 

.(*^4^C 4££4^>>1) ^.jj^liaJ) u^Up .5 

tJL^tj tji n . kt J&Aj L$jLa 2Uftj^j>m iLj-^ l'o .' fe 5a^».tyi 2u-<-aJI CjjjiLj |j| .6 

.cardinality _$i ic>*>a,i 2. ^uaUuJt aoc ^ jitw .7 

:ftjit>l ill) a jut £ub£J Lr^tj A-lTuaV I j ^ • ' ^JU La-iflj 

-<4={1,3,5,7,9) iGA,le5^eC 
i?={x|x is odd} 
C5={ 1,3,5,7,9,...) 
cardinality of ^4=5 (p4|=5) 

is a proper subset of B. A a B 
C is a subset of 5. C c i? 



(J\ (jy^JuLj j irt V (^t (jLa (jTj-a-l ^Lx^Tila WLcj.»>wo i ~ i M^n fol .9 

Sets and Subsets 

subsets Ac: B <=> Vx[x e .,4 => x <= B] 
A<z B <=> -,Vx[x e.4 =5> x e 5] 
O 3x— {->(x e,4)vx e £)] 
<=> 3x[x eA/\ x?B] 

set equality C = £> <=> (C c £>) A (£> c C) 

C 9fc -n(Cc £>A Dc C) 

O Cc£ £>v C 

Power set 2uutft 

If|4|=w, then |P04)|=2«. 

if X= {a, b, c} then 
P(X) = {i, {a}, {b}, {c}, {a,b}, {a, c}, {b, c}, {a,b, c}} 
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jo^sLlc. i_iuJjIl <USL<sII CJ!> lol--v Vl 

if A = {1, 2, 3} and B = {a, b}, then A x B = {(1, a),(l, 
b),(2, a),(2, b),(3,a),(3,b)}. 

Example 

A = /, <?, «} is a set and. the list of all its 

elements is given. 

Example 

B = {x : x is an integer, x > 0} 

Consider the set C = {1, 3> 5» 7, 9}. We write 
3 £ C to mean that 3 belongs to the set C, and 
-5 £ C to mean that -5 does not belong to C. 

Example 

Let A = [a, e, i a, «}> B - js, o, i> e, 4 and C 
= {a, a, e, i, i, o> «} 

then A~B = C 



Example 

Let A" = { y : j^ 3 =4 > jy is odd } 

then -A" is the empty set and we write 

Example 

Let^ = {1,3, 5} andfl « {1,2,3,4,5} 
then AcB and B(jA 

Example 

Let A = {1, 3, 5, 7} and B = {2, 4, 6, 7} 
then v4 and B are not disjoint because 7 is in both sets: 

7 £ A. and 7 E B 

a. Z=the set of integers= {0, 1,-1, 2,-1, 3,-3...} 

b. N=the set of nonnegative integers or natural numbers 

c. Z+=the set of positive integers 

d. Q=the set of rational numbers= {a/b| a,b is integer, b not 
zero} 

e. Q+=the set of positive rational numbers 

f. Q*=the set of nonzero rational numbers 

g. R=the set of real numbers 

h. R+=the set of positive real numbers 

i. R*=the set of nonzero real numbers 
j. C=the set of complex numbers 
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Q1:U = N. {x| Vy(y>x)} =? 

Q2:U = Z. {x| Vy(y>x)} =? 

Q3 : U = Z. {x | 3y(y € R a y 2 = x)} =? 

Q4: U = Z. {x | 3y (y e R a y 3 = x)} =? 

Q5:U = R. {|x||xeZ} =? 

Q6: U = R. { |x | } = ? 

A1:U = N. {X | Vy (y > x)} = {0} 

A2:U = Z. {x|Vy(y>x)} = {} 

A3:U = Z. {x|3y(y eRAy2 = x)} 

= {0, 1,2,3,4,...} =N 
A4: U = Z. {x | 3y (y e R a y 3 = x)} = Z 
A5:U = R. {|x||xeZ}=N 
A6: U = R. {|x |} = non-negative reals. 
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jUuVI .1 
^bUttl .2 

^iuJI .4 

J- _ "-«-> Jj^' 4c$*»JLI 4- V ^itj iujLUI Afc^c^m jj^sLlc Lg-Jl LaUa^j 

y4wB = {jf|xei v xeB} 
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/Of 



A-B = { x | x e .4 a x <£ B } 











(\-i-B | 

























,4 = {x \ x & A } 
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j"i intit j-uall*JI »l 'u"i nib djjlfitlj tpj^f 1 

,4 = { x | x & A } 




.Example 

Let = { a, i? r c- }, S = {1,2, 3} and 

C7 = { a, c, l y 3, 5 }. 



then A «-_-» B = { <sr, b, c, 1,2,3 } 

B ^ C = { 7, .2, 3, <, 5 } 

C k^j A . = { a, c, e, 1, 3, 5, b } 
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Example 

Let A - { a, b, c, d, e }> B - { c, d, e,f,g\ and C 
= { a, e, i, o, u }. 

then A n B ~ {c, d, e) 
BnC ={£•} 
C r\A = {a, e } 

Example 

Let S-{a t b t c, d] and T= { c } d, e,f\, 
then S \ T = I a, b } 
T\S..[e,f) 

Example 

Let the universal set U be the set containing letters 
of the English alphabet and A = { a, b, c, x, y, z }. 

then ^ ={d } e,f,g>h, i,j, k 4 m, n, o, p, q, 

r, s, t, u, v, w] 



Example 

Use Venn diagrams to represent the following set 
expressions. 

(a) (AnB)v(B.nC) 




(A n B) 



(BnC) 



(AnB)u(BnC) 




:<jjj|^dJI 4,Llj> fvkl ^^Jb 

(1) ^4 = ^4 Law of Double Complement 

(2) ^4o£ = J 4(o£ Dernorgan' s Laws 
ir>5 = Z<^5 

(3) .4u5 = £uy) Commutative Laws 
A r\ B = B r>A 

(4) X (2? k^> C~) — (A i?) w C Associative Laws 
^o(5nC) = ( J 4n5)nC 

(5) .4 <j (B C) = (A ^ i3) r-» (.4 C) Distributive Laws 
y4 r-. (.5 C) = (A .8) w (^4 C) 

('6V ^4 ^4 = v4 , ^4 i-~ i A = ^4 Idertipotent Lcrws 

( 7) A <fi — A, A of/ = A- Identity Laws 

(S) A <^> A. — ZJ , A r~\A = 4> Inverse Lcnvs 

(9) A ^j LI — 17, A r~\tfi = tj> Domination Lcnvs 

(1 0) A \-j ( A r^t B ) — A Absorption Lcxws 

A r^i (A B ) — A 



Example 

Let A, B and Cbe sets. Use laws of algebra of sets to 
simplify trie following set expressions. 

(a) (infi)u(£nC) 
= (^4 r~-\ i?) (C r-\ By Commutative law 

= {A k^j C7) B Distributive law 



(b) (^nB)u( J 4n5nCnD)u(^nB) 
= (y4 r-i B) w (^4 r^i 5) (A B r~\C r> E>~) Commutative law 
— ( (^4u^)nfi))u(^4nBnCriD) Distribut'tve law 
= (£/ f~\ B} (A f~> B O C Z?) Inverse law 

= i? ^ (^4 n5 nC r~\D) Identity law 

= B Absorption law 

Example 

In a class of 50 college students, 30 study Pascal, 25 
study C and 10 study both computer languages. How 
many students do not study computer language ? 





— U=50 


/ / \ 
/ Pascal / \ 


C \ 


I 20 I 10 j 


15 I 



No. of students who do not study computer language 
is 

50-20- 10- 15 = 5 students 
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Example 

In a survey of 1 60 passengers, an airline found that 48 
preferred wine with their meals, 78 preferred mixed drinks, 
and 66 preferred ice tea. In addition, 12 enjoyed wine and 
mixed drinks, 18 enjoyed mixed drinks and ice tea, and 1 6 
enjoyed ice tea and wine, and 4 passengers enjoyed them all. 

a) How many passengers want only iced tea with 
their meals? 

b) How many passengers do not like any of 
them? 







TJ=J60 


wf 24 / 8 


\ 52 


\ M 




14]/ 




\ 36 


I 
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a) No. of passengers = 36 

b) No. of passengers 

= 160-24-52-36- 12-8- 14-4 
= 10 

Problem: 

Without using the Venn Diagrams, show that the 

en 

w' 

symmetric difference operation satisfies the Associative 
Property. You may use basic properties of set operations 
(union, intersections,complementing) such as commutativity, 
associativity, distributivity and De Morgan's laws without 
proof. 

_______ 33 —————— 



Solution: 

We need to prove for arbitrary sets J, Band C 
(.4 ® 0) ® <7 «r .4 ® (e © c?) 

.4 & .£? = (inl)u (3* n .0) 
Note that and 

(A®B) = (.4f!B)u(3n^ 
Hence the left hand side = 

(( (A n 1) u (1 n fl}} n U) u {{(^ nB)u(3 n B)) n C) 
(.4 nflnC)u{InInC)u(^nInU)u(3nBn ^) 

Similarly it can be shown that the right hand side is 
equal to this last expression. Thus the Associativity holds. 

:Relations oti>Udi3.1 

A ={2, 3, 5, 6) 
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'C5- a > cj^Lj jjjaj JjVl 

R = {(2, 2),(3, 3),(5, 5),(6, 6),(2,6),(3, 6)}. 

^^aiLuaui. ^Jfi Ajlj^u SjJaj *LaJl Lift J agj Laj CiLj(j22¥lj OLi^Vl 

R is reflexive if for every a e A, a R a. 

R is symmetric if for every a and b in A, if aRb, then bRa. 

R is transitive if for every a, b and c in A, if aRb and 
bRc, then aRc. 

R is an equivalence relation on A if R is reflexive, 
symmetric and transitive 



:«Ll.-hj i^oJI ^ULLaVt ^dbt ) ^Jb Lft ^ flg 

1. In each case, a relation on the set {1, 2, 3} is given. Of the 
three properties, reflexivity, symmetry, and transitivity, 
determine which ones the relation has. 

Give reasons for each of them. 

a. R= {(1,3), (3,1), (2, 2)}. 

b. R={(1, 1), (2, 2), (3, 3), (1,2)}. 

Solution: 

a. It is Symmetry .Because wherever there is something 
like(a, b )we also have(b, a)Here it is(l, 3) we also 

have(3, l)and(2,2). 

b. It is reflexive .because for every 'a' we have(a, a ).Here it 

is(l,l),(2,2),(3,3). 

2. Three relations are given on the set of all non-empty 
subsets of N. In each case, say whether the relation is 
Reflexive or Symmetric or it is Transitive. 

a. R is defined by: A R B if and only if AG B. 

b. R is defined by: A R B if and only if if Ar 
B is not equal to NULL. 

c. R is defined by: A R B if and only if 1 e A n B. 

Solution: 

a. It is reflexive .It is NOT symmetric .It is transitive. 

b. It is reflexive .It is symmetric. It is transitive. 

c. It is NOT reflexive .It is symmetric .It is transitive. 



01 >avi4.1 




A function A one- to -one function An onto function A bisection 

(Not onto) (Not one-to-one) 

Regular expressions *«tviui jjuuui5.1 

lIi— ljkj jj— ttjJ I ( j— « ^Lft ^ »i * fc« (j-^ 4-iJjp» ^ LJu U J-ui.» "t J-A (i > hi U l j j < i"t t 

*C = {"c"} 
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8 = {""} 

A+B = {s | s gA or s g B} 
AB = {ab | a gA and b g B} 

:^JL i o^r-> J^<J jii.nl j->-Vl ^A jjjjujljij • 

A* = u,> A 1 where A 1 = A. . .A (i times) 
A*= {s} + A + AA + AAA + ... 
A + = A + A A + AAA + . . . = AA * 



( Symbol i 


Stands for... 


| . | any single character 


r — ? 

I X * 1 


x, zero or more times 


1 x+ : 


x, one or more times 


1 X? 1 

1 1 


x once, or not at all(optional x) 


1 x{n} J 


x exactly n times 


j x{n,m) x, at least n but not more than m times 


f *|y 


either x or y 


1 x y 


x followed by y 



s i ■ ■ 

I (x) J x as capturing group(more later) 

j [abc] [ one of a or b or c, same as ajbjc 

I [ A abc] j any character except a, b or c 

|[a-zA-Z] j a to z or A to Z(inclusive) 



RE 


Description 


(0+l)*lll 


The set of strings containing only 
0s and Is that end in three 
consecutive Is 


* , * 
1(0+1) 


The set of strings containing only 
0s and Is that have at least one 1 


0*+0*10* 


The set of strings containing only 
0s and Is that have at most one 1 




String of any characters 


{a,...,z,A,-,Z}({a,. 
..,z,A,...,Z, 
0,...,9, })* 


The set of identifiers in Pascal 


EES... E(80 times) 


A line of 80 characters 


r 


A string of Is, having at least one 1 


(£-{a,e,i,o,u})* 


A string of letters not containing 
any vowel 



a+a = a 
a+(j) = a 
a-(j) = (j)-a = (j) 
8-a = a-s = a 
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(e+a)* = a* 
s+aa* = a* 
s+a* a = a 
(ap)*a 5= a((3a)* 
aa* = a*a 
(a*P)*a* =(a+p)* 
a*(pa*)* =(a+p)* 

J-* L«£aj 2„ntri"i U l jjjLslUI (^jLaJ C>LpV Jultjjitl 6 j-£ >■>■",■ ml ( j -£-»JJ 

Prove that 0* + 0*l(s+00*l)* 000* = 8 + (0 + 10)* 
LHS = 0* + 0*1(8+00*1)* 000* 

= (e + 00*) + 0* 1(00* 1)* 000* 

= (e + 00*) + 0*10(0*10)* 00* 

= s + (8 + 0*10(0*10)*) 00* 

= s + (0*10)* 0*0 

- 8 + (0+10)* 
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flu~a> Laji_« iL_ajjiiij 5ja_>m grammar a-ci^ai! a_cj^>^ a-l^jii 
A grammar G =(V, T, P, S) 

.4jkllb2UdL>JI j>«pl Jnilinltii 
.iLjdJlLjii4li»laJI 

o-J^iJ ^yjljJI gLcju-mVl A-<l»c JSmhI J5Luij t^xllj o-JfrUt a^l^fl 4^j-<aj>oi • 

Example: 
Terminal: a 
Non-terminal: S 
Productions: S — » aS 
S-»e 
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lJ) j->JI J_« jIj-S3 ^1 iJuJjj SjLtUaJI a jl& f L^Vi-Miba. (j^jLuJI Jill! <j-a 

:{alb}.JLJ$3 3acLfl 

P: S-> e | a | b 

S-> aSa 
S->bSb 
G=({S},{a,b},P, S) 

a , bt^tft 

S-> aSbS | bSaS | s 

Example 1: 

Terminal: a 
Nonterminal: S 
Productions :S -» aS 
S -> e 
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The derivation for a4 is: 

S =>aS 

=> aaS 

=> aaaS 

=> aaaaS 

Example 2; 

Terminal: a 

Nonterminal: S 

Productions: S -> SS 

S-»a 

S^s 

Derivation of a2 is as follows: 
S =>SS 
=> SSS 
=> SSa 
=> SSSa 
=> SaSa 
=> saSa 
=> sasa = aa 
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Example 3: 

Terminals: a, b 

Nonterminals: S 

Productions: 

S->aS 

S->bS 

S -> a 

S->b 

More compact notation: 
S -> aS | bS | a | b 
Derive abbab as follows: 
S =>aS 
=>abS 
=> abbS 
=> abbaS 
=> abbab 
CFL is(a+b)+ 



Example 4; 

Terminals: a, b 

Nonterminals: S, X 

Productions: 

S -> XaaX 

X -> aX | bX |e 

CFL is(a + b)*aa(a + b)* 

Derive abbaaba as follows: 

S => XaaX 

=> aXaaX 

=> abXaaX 

=> abbXaaX 

=> abb_aaX = abbaaX 

=> abbaabX 

=> abbaabaX 

=> abbaaba = abbaaba 



Example 1: CFG: 
Terminals: a, b 



Nonterminals: S, A 



Productions :S -» AAA I AA 



A-> AA | aA | Ab | a | b 

String abaaba has derivation tree: 

s 

/ ! \ 
/ I \ 
/ I \ 
/ I \ 
AAA 
/I I \ I 

/I INI 
a A Aba 
I / \ 
I / \ 
b a A 



a 



Example2: 

Terminals: a, b 
Nonterminals: S 



Productions: S -> aS | SA | a 



The word aa can be generated by two different trees: 

S S 

A A 
aS Sa 

II 

a a 

Example 3: 

Terminals: a, b 
Nonterminals: S, X 
Productions: S -> aS | aSb | X 
X -> Xa | a 

The word aa has two different derivations that correspond to 
different syntax trees: 

1. S => aS => aX-» aa 

S 

A 

aS 

I 

X 



7?4/fe state 
mach'meffSM) 




3u»JuLa 1.2 

Afmite state machine(FSM) or finite state a^utt ajuji <ji 
^i^toij^^iaJji^(>^^j>^^ automaton or state machine 

2l2Q*.|JlII J_«I^jJ! ( j-a Ajfcj . «--»w a j^lc bUicI ^aJ^j ^ L u . « ,a 3 K um J^>J iinirt^tl 
4_IL>. jj_4 OVL2uJJt <Lc j.a--*waj 2l! Yl L^td ^Llt CiVL»Jt <Ulj-<u>wo JiL» ^ij^JJI 




L« S^Ucjj *^ttjt Jb j^i-i ^>->l (^1 2JL». ij_4 lAjtft JLolil 2ul«£ 

State transition table 

i Current State -> ! State A I State B 1 State C j 
Condition i 



Condition X 



Condition Y i ... • State C 



Condition Z 



Recognizer s^ailtth .1 

O Mi. Jul I Ltj j .tA." J- .u . a' t ! uuJUJI 4r i-JVt j*JL>i"i ni 1j 

nice iUviOl Jaa^j ^ J*ju 4.i^Il« 2J V OVl>J» Jaixi** jrUJ (jJlUt Jtiilj 




Acceptors c»iU.jdw a^j**** J^i3 <^Jl 3u^uXt iftfl .2 
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CiLxjjJL! u aju juJjj <J_**j Lgjlis JUOjVl Julcj 4_JL»JI UbJIj Lj^Ujdl 



Inputs 



iT~ 

State 
transition, 
cronctifio'sva 

I 

State 



■ m?' ~-~ VI 4^ L-4 A-j^Tult AJVl jLi LojL-lu bj-il 

JSAjj l*3*t >S CUj ^1 O^oJLI ^ ^Ul 'L. 2UVI Ol^L* C»UyL«^» 

CiLiUJIj i-JUJI 2lJL>JI (jJji bUOclj i-^Uil iJVl C*VL>JI ^c > »->« 





Automaton 




* 


*• 


* 


► 




* 


► 


1* 


► 



: tr JL L*J 4jgn.it I 2ll¥l 1 rti^j jiUj j»dLo3 La (jlc ftLiJJ 

Deterministic Finite Automata s.yjL»ai 2u^i .1 
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Input Tape 



Readinu Head 



o 



Finite Control 



;^QJ| J ^ nit I if- Jjfc Lw£aj jrUftjJI «L>«jLj O^kIj 



Input Tape 



a 



b 



Reading 
Head 



Qi 

Finite Control 



Ub'i jiiril (j g" *ij (jl i-uMj j 4 j llg't 4JL>- SjjjLsm 4JL>JI 4it 1" -T' 

FA= <Q,I,8 5 qO,F> 

<Lc j .»i»w« (jll A-ls T lUIj <> jM^Vt l ClVL>JI itLcj^-^-ajl AJ^^II ljVLjJI * 
.o^M^JXt iSir^ %• 0-* ^-fc>»?A (jryt« J nil nu ui>l ilil^nl < _ r Lc 
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oto-g-j 3 »t*u..,mb jj-^jii iu^.v< 3 j_ja5 ^Liij ia, j^'ui j-ii .4 
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2 = 5 C3 i^ ^ 2u.uii ^su :aaMiJi j^jq ^uij a^i-Ui sjuji ait j^i .6 

10 

111 

1100 
10110 
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tCtiixiUirttt p*\ 3.2 

jiuILUI Jua^JI JifilmTI ^L«j {jj* 

Strings 

ab u = aZ? 

abba v — bbbaaa 

baba w — abba 

aaabbbaabab 



w = a i a z -a n v = i\b^ "4 

frf = abba v — bbbaaa 

Concatenation wv — OyC^ •-- a n t\b^ ~b m 

wv = abbabbbaaa 



Reverse v R — b m - - - 

^ = aaabbb 

W — ^ £3? - - - o n 
Length: \w\= n 



Examples: \abba\ — 4 

\aa\ = 2 

\a\ = 1 
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For any letter: \a\ = 1 



For any string wa \ \wa\ = \w\ + 1 



Example: \abba\ = \abb\ + 1 

= ab\ + 1 + 1 
= 1*1 + 1 + 1 + 1 
=1+1+1+1 
= 4 



fc/H = \u\ + \v\ 



Example: u = aab, = 3 



= abaab, \v\ = 5 



= aababaab = 8 



k/H = k/| + IM = 3 + 5 = 8 



:G5t*.JU ^1 A»UJI jjJ ^1 iUU. j>a iiYl Jill 



A = 







AW = WA = W 

Aabba = abba/, — abba 

<UJLxJI <Umlmtl ^UJJ 

W — uv 




prefix 

suffix 

iritis abbab ^^_>Vi 

-^t a£>Jb>czJb> 
& £>£>&£> 



If" = ww-w 

" v ' 

n 



( abba ) = abbaabba 



for any 



AVin <iiitl .^->,Ji <L 4_jj-«jJt Sim liatl 1 g'ljjSH jj-SU-s c pJ| 2lj^« jJI 
:4£jLall Itllnilnitl *L£ixub 2uiu»Vl aimtiritt ,>« Lfcdfc J^ui»J| 



Example: 

I* = {/I, b, cq, ab, ba, bb, qqq, (tab, . . .} 



y+ _ v * _) 

l + - {a^.aa^b^a^b^aa^ab,...} 
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Examples; 



S* = {/t, a, b, act, ab, ba, bb, aaa, aab t ...\ 



Language L(M)s 



{/L}, {a,aa,aab} 

{a, abba, baba, aa, ab, aaaaaa) 

L«a-ic i_uaL>. ij^LiU jxA^6s.^Joi\ f^lU^uiS jjJl"AS^\ .8 



An mf irwte language 



ab 

aabb 

aaaaabbbbb 



abb £ L 



The usual set operation* 

{a, ab, aaaa] (J {bb, ah} = [a, ah, bb, aaaa} 
\a, ab, aaaa) f] {bb,ab\ - {ab} 
{a, ab, aaaa} - {bb, ab) = {a, aaaa] 



Complement: ^— yi ^ £ 



\a,ba) = {A, b, aa, ab, bb, aaa, . . .} 



Definition: 



Examples: 



{ab,aab,babaf = \ba,baa,abab\ 
L R = \b n a n :n>0} 



Definition: 



44 = 4,^4} 



Example: 



{a ,ab ,ba\{b ,aa 



- {ab, aaa, abb, abaa, bab, baaa) 



LgJfrljii jl^£J 3wL>.|jJI AidJI (j^UjJ I OA 



Definition: 



Example: 



Special case: 



n 



{a,bf = {a,b}{a,b}{aM = 

{aaa, aab, aba, abb, baa, bab, bba, bbb \ 



{a, bba, aaa} ={X) 



Example: 



L = \a n b n .n>0\ 



I? = \a n b n a m b m :n t m>o\ 



aabbaaabbb e £? 

Star-Closure (Kleene *) 



Definition: 



L* = L°UL l \JL 2 >~ 



Example: 



{a,bb}* = 



a,bb, 

aa, abb, bba, bbbb, 

aaa, aabb, abba, abbbb, . . . 



ri-cj.«->«.« L^u« ly.V:*.. » i ->t ^ Met i s jU^-:t i^ .'T^' ^ j u -"M L*l 



Positive Closure 



Definition: 



£ = L l UZ? U 



{a, bb} + = J ac, a6i>, , bbhb, 

aaa, aabb , abba , abbbb . . 



ajuji t^JLi £uat 2u^s jL^iajj iju-jjat ^Liii iu^uii jjuji ovi 

4_4^UJt AJUJl 2UuuJU JUJI ..^a-raf^^j^l J^-JI Wij ^LJL>J! 



XutillSJ^JI 



Input 



String 












Finite. 
Automaton 


Output 


— - String 





Input 



String 




Output 








Finite 
Automaton 




"Accept" 
or 

"Reject" 



lj¥L>JI iUkx« 3Kml$J <Ll^TlUI aJ V I J.ii »7J j$J> \ qj» kc^jsya j^t-^linl. 14 



abba -Finite Accepter a £ 




uxiij^jji \cy*>u> 3 iuiuji ijuji^ Configuration ajviJOt* >«u.l5 



Initial Configuration 

Input String 





6 


h 


a 




1 



a,b 
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Rejection 














/ y^"^ /\ q b 







1 


a 


b 


a 













a,b 










Output: 








"reject* 


bf 


<*/ a/ 




:a t b 


— 









16 
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Z={a,b} 




Initial State % 




Set of Final States F 
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Transition Function S 

S : Q x I -» 6? 




Transition Function S 



s 


a 


b 




<h 




ft 


% 


% 




<h 


% 






% 




% 


% 


% 


% 





a,b 
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Extended Transition Function s * 

$*:QxI* -> Q 




Recursive Definition 

c> * iff, = 

S*(ff,wa)=S(S *{<j ( w),a) 



$*(ff b ,ab) = 
8{S *{%,a), b) = 
5(S(S* {£fo,X),a),b) = 
S{S{q Qf a) t b) = 
$(<? L ,b)= bi 
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:iuJUJI 3jj*aJU JLaiiVt 4jb L.aCt 

8(q, a) = p 



Iq h aw] |— [q jf w] 



djjuc i_b_aj j^^sii j-»>J1j *tJL>Ji <Ul»JI ^l^uuVl uitjiaJI jxuu Cuj* 
j+ut-j'& uSj^aJl L»l Juu j«l ^Mj^^al', Acj^aaj 3*ijiJI 

:iUJlltl 4,kurt„lT iUaLSL* ^yb itU^ii 2jjUJI S^aJtj 

fa, aw] h [8(q b a), w], where 5(q h a) = q, 

w = ala2... an 

;uj>.) Citf LdliVJ £7?^ iiJUA (jl^a lit 

al, a2, an = w. 



M 5-hat"(q,w), 

tilj 5jJL»«il ^g a^w a Sitl^oj 5j>-L>dl 4JUJI ^ iJVl Jii ^ju 

If |w| = 0, then M 5-hat"(qA) = q 

If |w| = 1, then "6-hat*'(q, a) = 5(q, a). 

Let |w| be n > 1. 

Then w = ua and "8-hat"(q, ua) = 5("8-hat"(q, u), a), 
where a is a single symbol 

:2ulUJI 4)5>U Ails I 

M = (Q ^,S, q , F) 



String w if "5-hat" (q , w) is in F. 



I^jj-J (^-Tlj 5jtj^_oll <Ue ^ .» ^a < _ r -£3 <LJVl j_« I— A I 

L (M) = {w | "6-hat" (q , w) is in F}. 

For g DFA /M = (Q, £, o, % , F) 
Language accepted by M : 




alphabet transition initial final 
function state states 

• Let M = {Q, X, 8,q ,F} be a DFA. 

Q = {qo. qi > q 2 > 

X = {a, fc>} 

F = {q 2 > 



o 


a 


D 


^0 


Qo 










V2 


<7/ 






JiLutJI 2- (jrU-<a J-A Lc£aj ^yj l_4 4_IL>.jl jt_iJI <(_J L>. ^oml <LlL>. 
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L-^Sg ) tP-^l jjj ap< >«->t Ul,. . .,1111 A-j»laliII jjuL-stUI * 

vl,... 5 vm t^at 

(u,u...uu n )(v 1 u...uv m )* 




L (M) = aba 



Let M = {Q, Z, 5,qo.F} be a DFA - 
Q = {q , q 1t q 2 > 
Z = {a, b} 
F = {<b> 



8 


a 


b 












<7/ 


*Q2 


<J7 


$2 



RE=a*b + a(b ab*a)* 
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ab* and (ab*aa*b u bb*aMaa*b u bb*a)*, so L(M) is 
ab* u (ab*a + b u b + a)(a*b u b + a)* 




Xua(baFub(ab}*u(a(baH(a*b)%;bb)ub(ab}*(a{ani)1>ub}Haubf 
L(M}={abba} M 















hf 


Jy J?z J% 




— mh^- 










accept 



L(M)= {A, at, abba) 




t^lUI J5LuJI >* L*£ajoy*m J**^ ^4^*01111 



(O) 

J 



PQ 



*' Q l '->' 



P+Q 



O { 5 WO) 



Complement Language suusai a*uri 5.2 






a,b 



Language accepted by : 



Language r-tzje.c-te.ct by >|4 : 
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a,b 



accept trap state 



^-(/M) = { all substrings with prefix ab } 




L{M) - { all strings without 
substring 001 } 




1 = {iwa : tv e {o, f>J- *} 




fiori Deferrriiriistic 
e State MactiiqelNDFSM) 






(3-SL><J 3jL^-j^ lj^>> J_II Jeuj_ui ,j_fl 2^jJL ff «ll jxA 4 j^" 'it, I 4_t Vl Q^STJ 
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head 




o / o 

° o ° 





tape 



Finite Control 

jjuL < L l $IU 1 iLlVl (J-xfl j-a L^jplj^ j^-ojJ! <i_cj.c-><I <U5LiI( j5_4jJI J_» 



a 


1 


P 


h 


a 


b 


e 


t 









a 
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f 



a T 6 



o o 



o ° 





_ 


-e 












5(q, a)={pl,p2} 



p=p? or pz 



P 



p=Pf or pz 



.s 



O r 1 



o 




5^ 



v: 
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O : set of states 

S : input alphabet 

S : transition function 

c l0 : initial state 

jF" : set of accepting states 




S 1 



jl h ir>l 3 <^-ic ^j^L»o dlni.Lni J j _i tit SjjJlaII jojC. 4 j(j~'it,l 2UL>J| 2LJI 




(jll J^Vl jt_c>J! <L. jii f« t) 3*lj_§ a_Lc J ir'ulT jLgj. 

Alphabet = {a} 




transition 



97 



:^-b L«£a Qj)SuLLU LUfi'~J\ £jLo jls JjVl jLuiIt AJVt Ct&Uu 



.1 



^g>- S — (^) 



.2 




C7 
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^ is accepted by the NFA: 



"accept" 




computation 
accepts cia 

jjJ J5_4jj| Sfr 1 j-3 i' l u^ T ui lit ^1 Ajj i ii -H *jmL <|Iiii LuJI (jjufe ScljJS JLu 

t^udt 4-j a aimiiuJi (^ap a-jim ajvi ;>\i»a a^si^ aju» j>u»^it 
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.1 

4" 




2 
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.1 

I , 

£7 




. AicS l ^ 'i jog ^jlt J^na^ll jj^jJ) 5»|>5 "< L lUc uol lit .2 
a.Un JLuJI jLa a_kU) »L$j| J_>3 A_JL$j Jj-ua»lt («u til .3 

•L 




i 



a a a 





No transition: 

the automaton hangs 



a a a 



Input cannot be consumed 




"reject" 



£7 £7 




No transition-, 
the automaton hangs 



acta is rejected by the NH=<4: 



'reject' 





"reject* 



All possible computations lead to rejection 
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JLaijtf I J_*3 4_JLc LaSlj j^=» li^t j- 9 ^' S*|^2JI ^Sj b& J&A 1 



.1 



£7 £7 



£7 
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(read head does not move) 




A 



<57o>-^ — <S) — < gg> 



<e?L 



.5 



all input is consumed 
_i 



C7 £7 



'accept* 



ffl ) - >( ff2 




String <r/or is accepted 
■ - 107 



Z = {ab, abab, ababab, ...} 
= {ab} + 




S-ijJuxit tU-frudt <UVl JJ£ ^ ^Lidlt Ql^ L2uLut Ij^ut U^9 

i(Af)={yl, 10, 1010, 101010, ...} 
= {10}* 



o 

>^ 0. 1 



u,Vt 4 >JSUj 4_<JUij 2uoJl9 2LuQJt 2LtUJI jl J^UJI JLSi! jL 



(q2 was a redundant 
state) 

2uiL»JI iLlL>JI U^uj L^JI JUIill (jiUj <yJI ^ J^JI 2Jb ^jju 

j> j-C. A_vglL4 4JV JLdjjVl Jlji ijiufcJ <j>*-» 4-jJlitl 4 j , l *Vlj «L3ftljJ ilj_t) J-«>Jl5 

.1 

^(#0* !) = {#i } 





.3 




.4 



<?0gr 2 ,l) = <25 








.1 

c> *(tf .«)={<7l > 
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.2 





.1 




<*> * (qr , a& ) = , q 3 7 go } e L ( M ) 



.3 




S * (q , a ha a ) = {# 4 , q 5 } a ah a e Z, ( V/ ) 

.4 




r>" A ' ( </q , aha ) — {</] } aba. <m L (Af ) 




£(A/)={^} ^ {ah}* {a a} 



iS^ja»w4 ill Sjjo*4I j±L ^jtf-ni 3JL*Jt lit Jj>*33.3 

j JSu^-y (jjjJV) ojjLa tiii>L»JI <(-».jl (jjj-j^yJb L»oi>j j^-ajJI 

^frLUI^ AiVt 4- Lai Sj^wa JL£ul <UJLft£ J-£a (j^io SjjJ-j»J,t ^JVl 4- -1 
Sojjl*. ^1 JUijiAJ jU> (j-o^i&s! (q, a) ilj^J j^SLj jl jS^k 

4- OJj I ( 11 M ^ I SjjlxII I d-c ac I j-fl <Ld.»£ jjJiS A.hgTiUI 1 4- .2 
j-s j "i^l itlYl ^iliol (jt ^Li^TcUIjjA ilVl 4- a»- |j jLula 

jl iL. Ijl^V jl jj)l<» ijl^apLi ujljLii-a 4 JgV'U 3-l¥t ^.">-->o V .3 

.£aJ jj 3jjjl^J,I 4- > ^'f Sjja->dl j±± I 4- JL2Ij^l Ub > ?i .4 
I 11 ^ 1 L-uaL) aj_a> i_a^L»JI ^L>.jl jL<J (j-SLa-i ^ j Irj jjl m ol J-ajJI f»iJL>«ILu/b 

• DFA ♦ NFA 

K:{q.,q.,...A_ .},finiteset of states, r . , . . . . 



Z : alphabet, 
s: start state 



I: alphabet, 
s : start state, 

F: set of final states, „ , , , , , 

^ ^ F:setoj final states, 

6: KXZ^ ^transition faction K , lX {W{e))-> ^transition relation 



jl>.Ij JiVl ^ylc jj9$j lil Su^lUI j;tc 4JVI 2-j±Aj3\ ~2jl^m pli .5 

.d-j-SL^j dJLso jLuttt (j^'i'itj J^«jJt dJLA if.\j2J A r^Lu J,Sn<» a 
jLum p>JLfc ^yljLj IjLAjjLfl Aj^i - U t %JVl 2Lj$-*ajit I 'uofl ; lial .6 

.j^«jJI <»Jl* 3f I^SJ tJft r*i.«j SuMgj 4LlL>u ^fri-u 

fr-uJi (j-su.1 <ui vi 3jj-u>m ^ a.j^mi aj vi 'l. oijum ^juu ^ ^ y u . 7 

:<jl Jj^l o^.*} fw» ^yic fUu 

a Ja lSLa 3JI ^1 J^>u ^jiLaj Sjjjl»w» jj£ <U^ T cL» 3JI 4jI .1 

ajvi (j-4 aj^xHt ajai a a ti u a jjg> pi ul>u auaisat aivi (>» aj^ati a^in .2 

'4. GVLsJI ^Jlc Jla J b^Lui^ 2jja»dl jj£ VI 4- OVUJI jjlc jjL£= lit • 3 

(_hMJ 4^3j-a 2 Ljyl ujSLj^k AiilSLlI Vt 

2i_i^Uil 2lJVI ^ 1 3-1 VI J-j^JI <L. J n *} * jl-JI J-jig 

it.l 4-lVl <tUa 3 j n lf->3 * oVSViU jxjLalll ^-i^ AJLLoVl ^ it (jJb j t"»i ' i t 



NFAfora 



NFAforab 





NFAfora* 



NFAforalh 



( q } b T abb 




^j-c 4- i < ,^ 7 (. *fa « <LJI g. I , \n (j «a i,fi.."llj jjiUUI Jl— iil iLjkLU 2, j .Sl g 'i <LiLa>. ^1 Jj— uajJJ 

§(b|c) ^UllfUiittt ^^aihj^ 

SL Jdi-UJl (>»J-«j J£j Vji »4od .1 

J^ajit |»laSkLu<U gjJuJI i^tjS 2l§M»j uUJUJI J_«jJ( j_« Joju^a ^yilUI^AjJI .2 

.(j jln i u U Jl ii" >, ' J) A . j„i »i C (>t VmU 2 fl jU^ J ijljio .3 

(Sal L S *J 




s*.ij_2 ji r> jrt'i"tjij <"itt i o<* r\ jiin (jjim ,'jtji"' * j*i->»" mi ^ < n_t 

i'l J rt'ilt Ujl m j ill jl rri a j^L.L^j ml 2 I fll^-t ^u3JJ AjJLill AjLjVlj j^jSjJI ^j-a %C^4»ua 

:jlji^JI ~<LJui£. 

: Ju»ljJI (JjLmJ 0)\ j i^-»l (_)*4 1^1 jls 3 I ml in ) ig-lj i ri ii « ^jj hits (^^1>U 




Move (s i; a) 
s -closure (sj) 



.^n-tl.-.ljt-^tt 



Start state derived from s of the NFA 

Take its e-closure S = e-closure(s ) 

Take the image of S , Move (So, a) for each a e I, and 

take its e-closure 

Iterate until no more states are added 



The algorithm: 

$$<- s-closurefqof,) 

white (Sis stilt changing) 
foreachSjeS 
for each a el 
$?<- s-ctosure(Mcve(s^a)) 
if(s ? gS)ihen 
add$?to SasSj 



The algorithm halts: 

1 . Scontains no duplicates 
(test before adding) 

2. 2 m is finite 

3. white loop adds to 5, but does 
not remove from S (monotone) 

^thetoop halts 

^contains all the reachable 
NFA states 

It tries each character in eachs h 

It builds every possible NFA 
configuration. 

=>$ andT form the DFA 
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i(b|c)*: 




Applying the subset construction: 







E-c to sure (m ove( s,*)) 




N FA sta tes 


a. 


b_ 


c_ 


s$ 


Qo 


9?* 9?* 9* 
9* 9 s, Qs 


none 


none 


S f 


Qu Q& Qi> 


none 


Qs, Qs>Qs> 
Qt, Q a, Qs 


Q7> Qs, Qs, 
Qs, Qi> Q t 


St 


9* 9&£*\ 


none 


s t 


S3 


S3 


9& Q 4, 9 s 


\\none 


s 2 


S3 



Finalstates 



The DP A fora(b|c)* 




8 


a 


b 


c 




s 1 












% 
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j 4iJJI t^JUi 4ta«il >rtl j-« m ijl ^ (jfilr^tlti Lajl j^SU-ij tiJUfc j^jJ! 

1 . Compute c* for the current state, resulting in a set of states 
S. 

2. 8(S,a) is computed for all a in Z by 

a. Let S = {pi, p2, ... pk} 

b. Compute I=l->k (pi,a) and call this set {rl, r2, r3... 
rm}.This set is achieved by following input a, not 
by following any s transitions 

c. Add the s transitions in by computing (S,a)= 1=1 -> m 
e*(rl) 

3. Make a state an accepting state if it includes any final states 
in the -NFA. 

M = {Q,I,5, qO, F} 

Q={q0,ql,q2} 

Z= {a, b, c} and 8 moves 

qO = qO 

F = {q2} 

______ 121 




5 


a 


b 


c 


£ 


qO 


{qO} 


♦ 




{qi> 


qi 


♦ 


{q2} 


♦ 


{q2} 


q2 




♦ 


iq2} 


♦ 



Q' = {{qO, ql, q2}, {ql, q2}, {q2}} or renamed {qx, qy, qz} 
£= {a, b, c} 

F = {{qO, ql, q2}, {ql, q2}, {q2}} or renamed {qx, qy, qz} 
qO = {qO, ql, q2} or renamed qx 



5 ? 


a 


b 


c 


qxor{q0,ql a q2} 








qy ar{ql,q2} 








qz or{q2} 









w 


a 




c 


qx or{q0 ! qi.q2} 


{qxJorffqO^lql}} 


{qy} or((qlq-}} 


{qz} or{{q2}} 


qyor{ql s q2} 


♦ 




ivMffl) 


qz or{q2} 


f 


t 


{qz}er{{q2}} 



5' 


a 


b 


c 


qx 


{qx} 


{qy} 


{qz} 


qy 


# 


{qy} 


{q4 


qz 




♦ 


(qz) 



!(jjl(fl J_tt f>ln>">i*l lilt ^■J^'i'lUj.iC 3j^"*ltl 4J Vl ^jLc Jlrf»«*1 I li^JJ 



a 



b 



I^M 4 "J i-I^I l-^t" r»l 2t j ^j^n 4 fl\\ nit) 6Jl>-jJIj £Jl& SjL^jJI 2_ Hhb^xluit 
4 JflV'l l AjVI J oil . td <LLuua 4jlIjI ftfo" *i 4 j^aU 4 K ni t,l jj^jJI ^4 Acj^>l4 
i j<^ m ^jjJ> 1 1-> 7i *, jjfei'jdJJ j (jJb L ft - cSj l.^jlr uaj-iuJ Ij <Lc j.»>d< aiXJb Jj-*5 t^-^ 

i^"'* 1 jj.* 1 J;^ t*' ^ ''j"" AiiflVl 

4 <(» <r ,x jU Lo.tr ujj^Vl (tHM) J-^ cr^'j 4_J¥l : JLiLo 

:(jr}^»> <LoJ ^4 (JSj^Vl 

^<<Ii*»> = «l.o 

*K«i3»*0 === <ii 





a 






qi 


q 2 


*ll 


qo 


q3 






qo 




q 2 


qi 





a ~ a-~"^^ 
Accepted language: (a[b)*abb 
a 




start 



Accepted language: a+ j b + 



iUjiSit Uri t l ^_«l^oJI *L*j>-jj Ale J-a.aJ ^yJjj jjII *UUl mLt«al J^>-!jJ,l 
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non- 





this tmisUbn is t(Am\^ xr 




aiuii at? 

Finite Automata Usirig Stack 
sfl Vowri Automata) 





:2L.>Ot aujL^LiiX! 3JUJI 11 V pUll ^alll.4 

f«£L>u 3a_>.j^ L^j^tjJ iljil j$-»jit <jJLc (^ jT u -n j £j^L>. ^11 Jaj^xu (j^o 

: L^L>- jILluIj jj^ajJt ^ L.uL. l ftA t j»i !■>■" nil "2u*ja»j Al\ CtVLvo i IS h~t Vi 

Input String 

I Stack 



States 




6Ju>.jl I £. \a\1ju»jJllui\ <Lj^Till uWl J->- 2-l¥t ojufc <UulJ 

^yJlj 2La^>JI t>j&a\ JJ AJVI <sjLi> j>Ll>0^/t >4> lift Ox».jJt 2&JLUtj A^LUI 

. L^cLvjIiulj 5«j^2lXI jjdOpI JaJujJ ^JL»JLuiJ 



Stack 



Stack 



stack 
head 



S 













"« 



top 



bottom special symbol 
Appears at time 

Ufim (Hgm tb ^ 'it, I jnj(i"iiit,t it-> >iTtj ilU>Jt J -uc a T J SjjIjJ! ^aSJLuu 

J" 51 ^ Jo-SJI (^JLc jl ^yjA t^j^vl AJL>. j_« JLaliVl JjfU'J 



Input 
symbol 



Pop 

symbol 



Push 
symbol 




a. 6 




j-ojif j<L>f IjJ j^^lj^UJI AJUJb Ala-J^ JLoluVI <ui»c jl ^1 

. I^'ca i_a lL> Jtj <l«Jj>JI ^ I <L3LbVl (jliUr j-j^JLij ciLn* - ' 

.1 



a, — > c 



mput 



stack 















$ 





top 



[Replace y 



a 



c 




h 




e 




$ 





a, x. — > c 
qi v w t72 



Input j 



<3t 



£7 



stack 



h 




h 




e 




$ 





top 



-K 



| Push > 

" "v 



c 




b 




h 




e- 




$ 





a, h — > A 
<31 J— 





input „ 



a 









a 





stack 



h 


■« — 


h 




e 




$ 





top 



Pop 



9 



h 



$ 



.4 




91 



67, X —> A 




Si 



input 



a 





r 




a 





stack 



h 



$ 



top 



No C hang e 



6 


* — 






e 




$ 





:2lcjLfliuj^. ^Ic Jjin-Htb jj^ojJI 2bUp J>u»jJt uj-u (jJuJi JSLuJIj slut 



put 






<2 





a, $ — » x 
g i *U?2, 



stack 



$ 



top 



Pop ) 

v' 



empty 



The automaton HALTS 
No possible transition after 



input 



a, $ — > 6 
<3U : +3% 




a 





r 




a 


• • * 



stack 



top 



, \ 




a, 5^ c 



2, 

^y— — — ^2 

2- transition 
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:AJVI JJs 4 i bif-i jrUJJ Jll» ilii>.LJ jVtj 



L(M) = {aV:«>0} 



a /i- -» a b«a-¥ X 



[%)) — \%f- — : — <82r~ Kl c i3, 




:^>>-V iJLx JL£u¥l <U.lor LjV^lJUl gu*»£l ^yJLilt JSuillj 



1. Push the a's 2. Match the b's on input 
on the stack with a's on stack 



a, /t • -> a fc, a -» /t 



3. Match 

found 



"Aa tail "iA &LA S Il&HI I llbslt 211 



.1 



Execution Example: Time 
Input 



I 



a 


a 


a 


b 


b 


b 



$ 



Stack 



current 
state 



a, A — > ^ 



6, <2 -» /I 





.2 



Time 1 



Input 



a 


<2 


a 


b 


b 


h 



$ - 



Stack 



a, A—> a 



b. a—* a, 



Time 2 



Input 



6? 


a 


a 


h 


h 


h 



a 



$ 



Stack 



( a, A, — » a ) ft, a — > A 




— - ' — *\C12) — Hl<?3 



>J 



A 



Time 3 



Input 



a 


a 


a 


h 


h 


b 



a 



a 



$ 



Stack 
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.5 



Time 4 



Input 



a 


a 


CI 


b 


h 


b 



a 






a 


a 


$ 



Stack 




Time 5 



Input 



a 


a 


a 


b 


b 


b 



.6 



a 



a 



Stack 



a, X — >■ a 6, a — > x 
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Time 6 



Input 



a 


a 


a 


h 


h 


h 



a 



$ 



Stack 



a, x —> a ( b y a — > A~) 





Time 7 



Input 



a 


a 


a 


b 


h 


b 




"XT 










\ 


$ 



Stack 

a, — > a ('fa, a — > x.") 




.8 
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.9 



Time 8 



Input 



a 


a 


a 


b 


b 


b 



$ 



Stack 



a. x — » a b^a—* X 



4oJ — Ktfi 






accept 




•JU* 



Rejection Example*. 
Input 



Time O 



« t/ 



$ 



Stack 



current 
state 



a. *>i — > a b, a — > A. 



.1 



Time 1 



Input 



& a b 



$ 



Stack 



current 
state 





£». > A, Ar v $ — > $ 

f/r — 



*€3 



Time 2 



Input 



£7 



a 



a 



$ 



Stack 



current 
state 



' ^7. x. — > a) h, a — > X 1 





Time 3 



Input 



a 



Stack 



.3 









$ 





current 
state 



^. $-►$ 




A 



Input 



a 


a 


h 




i 



Time 4 



2Q 



a 



$ 



Stack 



current a, X —¥ a b.a-± A 
state \ 5 ( ) 



A4>u w*L4i ^iat art 



.5 



Time 4 



Input 



a 


a 


b 







current 
state 



ifJoj 



a. A — > a 



X 




a 




$ 




Stack 



reject 
b. a — » A 



$3} 



L(M) = {w i? :ve{fl,6}*} 
PDA A/ 



6, a 



6 



67, a A, 



V>0 X»4*L4I 4^1111 aiuii ail 



V ill*. JUiiYl JuUx; ^LiJI JSLSJIj 

Basic Idea: Z(M) = {w* : V €E {a ? 6}*} 



I. Push v 
on stack 

a, A — » a 
X- — > 6 




_ 3. Match v on cnput 

2. (Suess . , v , 

with v on stack 

middle 
of input 

a, a — »■ /I 4. Match 
fe, b -» x found 

/ 



/I, X — » /i 



Input 



a 


h 


h 


a 





.1 



Time 



$ 



Stack 
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.2 



Input 





6 




C7 



c a. x 




Time 1 



a. a 



A, 




,^1 



<3 " 
~$~ 

Stack 



X, $ -> $ 



.3 



Input 







6 


a 



A, — ^ CI 

(A X. — > £v 



Time 2 



ft 



b_ 

a 

A 

Stock 



Time 3 



Input 



<7 


b 


b 


a 



Guess the middle 
of string 




6 


<« — 






$ 





Stack 



/t, $ — >■ $ 



4S) 



.5 



Input 



a 


b 


b 


a 



Time 4 




a 



Stack 
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.6 



Input 





6 


b 


a 



Time 5 




X 








* 



Stack 



/t, $ — > $ 



.7 



Input 





b 


h 


a 







6, x. 



Time 6 



$ 



Stack 




accept 
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Rejection Example: 
Input 



T 





6 




6 




A, A 



Input 



a 


b 


b 


b 



a, A — * a ) 

b7'A-^ 



a 



Time O 



b, b 



■ a. 
A 




Time 1 



$ h 

S+ack 



A, $ -> $ 



.1 



~$~ 
Stack 



a, 6? 
ft, b 



Input 





5 




b 



a. a_—> ci 
h, a — > 6 ) 




Time 2 



a, £3 



x, x. — > X 



x 

X 




£7 



$ 



Stack 



X, $ — ^ $ 




.3 



Input 



a 


h 


b 


b 



a, x 
b+ a 



a 
b 



Time 3 



Guess the middle 
of string 



V/t ? X —» xy 




c7 



$ 



Stack 



A, $ — >• $ 



-4S) 
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A 



Input 



a 


b 


b 


b 



Time 4 




a 



$ 



Stack 



/i . $ — ¥ $ 



.5 



Input 



b, X 



a 
b 



Time 5 

There is no possible transition. 



a 


b 


b 


b 



Input is not 
consumed 



a 



$ 



Stack 



a, a 
by h 



■ A 



2t*>U "*»&Ld\ hguli AfUil ail 



j-i J Lis 



Input 





b 


h 


b 




imc 




$ 



Stack 



$ -» $ 




.1 



Input 



<2 


6 


b 


b 



/I 



Time 1 




a 



$ 



Stack 



/t, $ — ^ $ 
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.2 



Input 





6 


6 


6 




/I 



Time 2 




a 



$ 



Stack 



X, $ — > $ 




Input 



a 


h 


h 


b 



a. X 



(Jb,X 



a 

~b') 



Time 3 



a, a 



A 

Kb-> X 



b 


m 


b 




a 




$ 





Stack 



Input 



a 


h 


b 


b 



67, A 

Ax 




a 

bj 



A 



Ttme 4 



67, 67 

6, 6 



X 





A 

.4 


h 




b 




b 




a 




$ 





Stack 



Input 



67 


6 


b 


b 



67, A 

6, A 



67 
5 



Time 5 

No final state 
is reached 




b 


< — 


b 




b 




a 




$ 





Stack 



/i, $ — >■ $ 
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2U>U H*aaL4< Aj£jX\ All 



There, is no computation 
that accepts string abbb 

abbh<£L{M) 




a — > A 

b, b — > X 



2, a — > X \ K $ — > $ j fiS: 



{w g {a, 6}* : 

ill even- prefix v, n a (v) > (v)} 



a, /i — » # 

6, a — >X 



PDA A/ 



iU>U 4**4*2*4! a^LUI HUM AJf 



Execution Example: Time q 
Input 



a 



a 




Stack 



.1 



Input 



a 



a 



Time 1 




a 


< 


> 



Stack 
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.2 



Input 







6 


4 





Time 2 




a 


« — 


a 




$ 





Stack 



.3 



Input 



a 



a 



Time 3 



a, X 



a 



, a — > 


i' 




"1 




67 



$ 



Stack 



accept 



Rejection example*. 

Input 



a 


b 


b 


b 



Time 



$ h 
Stack 




.1 



Input 



a 








- i 


L 



Time 1 



fa, A 



a 



6, a —> X 



$ 



Stack 



Input 



Time 2 





b 






1 


> 



a, X ~> a 




.2 



Stack 



.3 



Input 



a 


b 


b 


b 



Time 3 




Stack 
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VjaU 2U 3u£ttt 4Jt 



.4 



Input 



£2 






6 


i 





Time 4 



<7. /I — * 4? 
6, <7 — > A. 

5, $ — » A 




/ 



Stack 



Halt and Reject 



J_*li> ^l^JI JSLuJI (jru^i LcLo 2u»^>JI 2> Jo-ajJt sj-fc j^>3 0-l»o ^>>V 



Input 
symbol 



Pop /' Push 

symbol ^ string 



: <U-L »aJt diJLA ^us^J ^JLUI JUlilj 



a, b-> cdf 
<ft) \ c l2 




input 



a 






' _____ 


» * • 




« # -t 



stack 



h 



top 



Push 



T 



h 



pushed 
string 



:JUU 



a, $ -> 0$ 
a, -> 00 
a. 1 — » X 



6, 1 — > 1 1 

b,Q-> Z 



Input 



a, $ -> 0$ 
a, -> 00 
ci, 1 — > A 



current 
state 



Time 





6 


b 


h 


a 


a 



$ 




Stack 



.1 



Input 



6*7(5" 



Time 1 



a 


b 


b 


b 


a 


a 



o$; b, $ 

"00 6. 1 

X b, 



1$ 
11 

A 







$ 



Stack 



Time 2 



Input 





b 


b 


b 


a 


a 



tf,$->0$ &„$-»l$ 
a,0-»00 6, 1 -> 1 1 



Stack 




Time 3 



Input 





b 


b 


b 


a 


a 



CK $ 



a, $ 0$ 

o -» oo fo, r 

aA^> A b, 




1$) 
11 



$ — ^ $ 



1 * 



$ 



Stack 
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Input 



Time 4 





b 


b 


b 


a 


a 



a, $ -> 0$ fejtr^l $ 

c?. 1 — > /I 



£>„ — > A 




A, $ -> $ 



$ 



Stack 




.5 



Input 



a. $ 
Co, 1 



Time 5 



C7 


6 


b 


b 


a 


a 



0$ 3,$ 
00 6, 1 

I") 6,o 



i$ 
li 

A 



$ 



Stack 



Input 



<3, $ 

a,0 



0$ 
00 



Time 6 





b 


b 


b 


a 


a 


* 





b,$ 
hi 



1$ 
11 



faA—± A ) 6, — > /t 




A, $ — > $ 



$ 



Stack 




Input 



Time 7 





6 


6 


b 


a 


a 



.7 




:2b.>dJ 3l»,i>.-.,iH 2u*Uil 3JUJI ajtf ^iSLUI l-SuhuJ|2.4 



•iUU. jllj A-o'^Ji oVUJij 4-uIjluV! AJL>JI L^lA U-> lj^UJI ^j^^a • 

. 4-4^>J I 4^ j) <a,>i.a * 

■ a-iM^'itl CjVLhII • 



sS-'y f " | " *\ Final 

States -"O^ / I \ ^\ "states 

Input " / / \ Stack 

alphabet / Transition Initial start 

, , , -function state symbol 
alphabet 



.SfrljiU 2u2LJ2Xt * 
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Time 4: 



*jJU) rt,h>J 1. JuLufc orUJ ^JLJI J5LaJ1j 

(qi,bbb,aaa$) 
Input 





a 






d 


6 



T 









a 




a 




$ 




Z?, c7 — > X 



Stack 



6. a -» Ajzr i A, $ — » $ . , , , 
^2.) — 2 — — -— (C^/3i 



Jqj^uJI 4JL».j AJL>JI jjJLLt J?j-J>1 ^1 JLauI ^ iSx^SS jjju-jj 

xo%&\ iULt-ll aU^H A^MJI iJYl Ai^A ^LUt JSLUt (jyuj 2l*J^>J1 aJLvj 



Time 5: 




(q 2 ,bb,aa$) 



Input 





£3 




h 


b 


b 



a, a—> a b, a — > Z 





X 




a 




a 




$ 



Stack 



— : — h-^ -^m m — 1 w 
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aaabbb^S) >- (q\ , aaabbb,$) >- 
(cjl , aabbb, a$) >- (eft . abbb, aa$) >- (eft , £7<:?a$) >- 
(q 2 ,hh, aaS) >■ (q 2 -& a$) >- (q 2 ~Z$) >■ (#3, 



a, /I — > a b, a — > A 




Initial state 



Final state 



Example: 



PDA Mi 




aaabbb e L(M ) 



a, A — » a 6, a — > 




■*w2J — HC^, 




PDA M 



a, /I — > a b 9 a — > A 



.AaU.U AjpaJI (^(jSVtj IkkjiiU Sbpjdl ^I^SVl iQjl^l iu^iill aJVI f*^-ui . 1 

M = ({q,}, {"(", T),{L,#},8, q,,#, 0) 

5: 

(1) 8(q,,(,#)={( qi ,L#)} 

(2) 5 (q l5 ), #) = 

(3) 5 (q,, (, L) = {(q„ LL)} 

(4) 8(q„),L)={( qi ,e)} 

(5) 8( qi ,8,#)={( qi ,8)} 

(6) 8 (q h e, L) = 

• Transition Diagram: 




e. *= * e ^"^3?^ ^ (. L : LL 
U 



Example Computation; 



Current Input Stack Transition 

(0) * 

0) L# (1) - Could have applied rale (5), but 

)) LL* (3) it would have done no good 

) L* (4) 

e # (4) 

« - (5> 



.2 

* Example Computation: 



(1) 


5(q u O ; R) = 


{(qi,BR)} 


(9) 


5<qi.i.R)=«si.GR)> 


(2) 


5{q 1 ,0 ! B) = 


{<qi, BB)} 


(10) 


S(q u l,B)={(qi,GB)} 


(3) 


6< qi ,0,G) = 


{Oil* BG)} 


(H) 


6<qi, l,G)=C< qil GG)} 


(4) 


6(qi,c,'R) = 


{felt)} 






(5) 


S(qi=c ! B) = 


{(q2= B)} 






(6) 


S(qi,c ! G) = 


m. G)} 






(7) 


5<q2,0,B) = 


{(<I2.£)} 


(12) 


8{q 2 ,LG)=((q 2 ,E)} 


(8) 


8<q 2 ,£,R) = 









State 


Input 


Stack 


RoJe Applied 


Rales Applicable 


qi 


OlclO 


R 




0) 


qi 


lclO 


BR 


(i) 


(10) 


qi 


clO 


GBR 


(10) 


(6) 


qa 


10 


GBR 


(6) 


(12) 


qa 





BR 


(12) 


(7) 




e 


R 


(7) 


(8) 


qa 


s 


£ 


(8) 





• Example Computation: 



(1) 


S{q,,0 = R) = 


{(q,,BR)} 


<9) 


0(q,,l,R)={(qi. GR)} 


(2) 


6{q,,0,B) = 


«qi.BB)} 


(10) 


5( ai! l,B)={(q u GB)} 


(3) 


%,0 : G) = 


{(qi.BG)} 


<H) 


6(q 1= l..G)={{Q U GG)) 


(4) 


6(q 1 ,c.R) = 


{(qj.R)} 






(5) 


S(q ls c : B) = 


«q2.B)} 






(6) 


8(qj,c : G) = 


{(qi.G)} 






(7) 


5{q2 = O..B) = 


{fe=e)} 


(12) 


8(q 2! l ! G)={<q 2 ..E)} 


(8) 


o(q 2 ,e > R) = 


{(<&-. £)} 







State Ittput 

qi Id 

qi cl 

q 2 I 

qa « 

qa £ 



Stack Rule Applied 
R 

GR (9) 
GR (6) 

R (12) 

£ (8) 
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2i4>u j^u4i aiuti Air 



tut jir»^\ 



• Example PDA : For the language {x j x = ww J and w in {0, 1 } * } 



6: 
(1) 












C) 


S(qj, l.R) = 


{(fli.GR)> 








(3) 


e(q b 0,B) = 


{to. BB). (•&.«)} 


(6) 


6(q E< 1,G) = 


{(<Ji. <5G). (<5i. «)) 


(4) 


5( qi ,0,G) = 


{(qi.BG)> 


(7) 


5<q2.0,B) = 




(5) 


5{q.,l,B) = 


{{qj, GB)} 


(S) 


5(q 2l 2.G) = 


«<b.*)> 








(9) 


5(q t .e,R) = 


{(02.8)} 








(10) 


5(q ; , £, R) = 


{(qi.e)> 



• Notes: 

- Rules #3 and #6 are non-deterministic. 

- Rules s9 and * 10 are used to pop she final stack symbol off at the end of a computation. 



■ Eiample Computation: 



(1) 


%,0,R)- {(q s , BR)} 


(«3 


5{q,.i,G)={{q 5 ,GG),(q, ! s)} 


(2) 


5{qiJ,R)={(qi,GR)} 


(7) 


8(<fc.0,B)M(qj,e)} 


(3) 


S{q,,0,B)-{(qi,BB).{q ; ,e)} 


(S) 


5{<b, 1,G)-«4.e)} 


(4) 


S(q5,0,G}={(q,,BG)} 


(?) 




(5) 


6(q,,l,B)-{(qj f ®)} 


(10) 


8(q3,s,R)-{{q2.8)} 



State 


Input 


Stack 


Rule Applied 


Rules Applicable 


n. 
•ti 


000000 


R 




(Mm 


qi 


ooooo 


BR 


(1) 


(3), both options 




0000 


BBR 


(3) option?! 


(i), both options 




000 


BBBR 


(3) option #1 


(3), both options 




00 


BBR 


(3) option?! 


(7) 







BR 


<J) 


(7) 


qj 


£ 


R 


(?) 


(W) 


12 




£ 


(10) 





Example Computation: 

(1) fi^, BR)} 

(2) ^.l.^-Uqi.GR)} 

(3) 5(q,.0.B)-{«fa.BB) r (<h,B)} 

(4) S(q,,0,G)={(qi.BG}} 

(5) 5{q h l,B)={(q 1 ,GB)} 



(6) o<q !! L > G) = {{q 1 ,GG) I {q 2! e)} 

(7) 6<(t,0 ( B)-{((b >£ )} 

(8) 5(4.1, G) = {(%:£)} 

(9) c^RM^e)} 

(10) 6(q,,e,R)-{(<b,e)} 



State 


input 


Stack 


Rule Applied 


% 


010010 


R 




qi 


10010 


BR 


(1) 


qi 


0010 


GBR 


(5) 


qi 


010 


BGBR 


(4) 


q; 


10 


GBR 


(3) optica 


<h 





BR 


(8) 


<h 


£ 


R 


(7) 


<h 


£ 


£ 


(10) 



From(t)aad(9) 



• Empk:CoiadfrieMlowfflgCFGisG!f. 

(1) S->2A 

{2) S->aB 

(3) A->aA GsinGNF 

(4) A->aB L[G)n*b* 

(5) B->bB 

(6) B->b 

ConstrartMs: 
I=T-{ib} 

r=v={UB} 

z=S 

(1) %iS)={(q,A) ; (q T B)} 

(2) ^aH^W)} 

(3) S(q : i3)=0 

(4) %b : S)=0 

(5) %b,A}-0 

(6) fl(0J)=f(|B) : {p}} 

(I) %.£,S)=0 

(S) %tA)=0 
(9) ofq^BH 



From fioductionsfl and 2, S->aA, S->aB 
From productions 13 and 4. A->aA, A->aB 



From producttoas f 5 and i B->bB : B->b 



Recall 5: Q x (I U {«}) x I -> Suits sto ofQsP 
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* Exaapfe : Consider the Mowing CFG in GNF. 

(1) S->aABC 

(2) A->a GisiiGNF 

(3) B->t) 

(4) C->cAB 

(5) C->eC 

CwstmctMas: 
Q={q| 

I=T={a I b 5 c} 

r=V={S ! A 1 B,Q 

z=S 



(1) %a ! S)={{q ! ABC)} 


S->aABC 


{5) 


%c,S)=0 


(2) % a, A) -{foe)} 


A->a 


(10} 


%c,A)«0 


(3) %iBH 




(11} 


%c,B)=0 


(4) 6{q ; iC)=0 




(12} 


%c : C} = {(q i AB) ! (q ! C}) C- 


>cABjcC 








(5) %b ; S)=0 




(13) 


6(q ; E,S)=0 


(6) %b : A)=0 




(14) 


%£,A) = 


(?) fibbLty-M 


B->b 


(15) 


%£ 3 B)=0 


(8) %b s Q=0 




(16) 
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:Jll4 

Exampfe: 

Consider L = { l b, ab ; aab 5 aaab, . . . } Then L"" = {b ; ab, aab, aaab, ...} 

• TheGSF CFG fori/; 

(1) S->aS 

(2) S->b 

• ThePMMAcceptiigL': 
I«T«{a,b} 

r=v={S} 

%a,S) = {(q,S)} 

%b,S) = {(q ;£ )} 
%£, S)=0 

■ If 8{ q, s, S) = {{q, s)} is added to: 



L(M) = (s : a, aa, aaa, b, ab, aab, aaab, ...) 



t^^jj^ 2Jb uojhOJ! 1.5 



lj! ii mV>1 flj-^fj iu^UUI 4JL»J) uV5fl L>- jJuj^jj ill j>l"t»5 



Tape 



Control Unit 



T 



Read -Write head 




.jLuijJIjI <l£*xU AjUSJIj 3*ljjxll ^aj^ao _j1 AjUSUI aet^-i!! 



jj—c CiL^a^>JI dj—fc ju_c (jj-SLjj <jry*j_H ^tjtjl m jit j-aTJI ri— j Q5JIj 

No boundaries — infinite length 



T 



Read -Write head 
The head moves Left cr Right 



3 tl"*^ S*I^J iuQSJtj S^tjJiJI {^wjj-t J-SUj AJuudl 

.2dL»»lj SjJeX^Jj (jrLCjJI jlj 



Read -Write head 



The head at each time step: 

1. Reads a symbol 

2. Writes a symbol 

3. Moves Left or Right 

jjj 4_jL1£]!j **lj_<LIt j^ilj ^ a j 11 h a L. A, .,_)! LSI 1 1 jl 3» lj_ at 1 SL-xVor * 
A ^-tj.flKiU Rj_4p1 ^>li >■>■" 1 11b j»^la ^— jj AjLja L«l (jjljJI «-ut> ^aui^»a 
y (jl L.C--KJ j3--«p t ^LC0.» » h4 QLa d xlff ajl in jit A£a^>JJ L J_«jJ IjH tjj^-dJ 



Time 









a 


b 


a 


c 














i 

Time 1 










a 


b 


k 


c 















1. Reads Q 

2. Writes k 

3. Moves left 



Time 1 









a 


b 


k 


c 










T 

Time 2 








a 


f 


k 


c 











T 



1. Reads 

2. Writes £ 

3. Moves right 



Input string 



r 











T 

head 



b 



a 



Blank symbo" 



/ 



/ 















Head starts at the leftmost 
position of the input string 



Read 



Write 



\ 



Move Left 





Move Right 



.1 



Time 1 










a 


b 


a 


c 














T 



current: state 



91) "^ b ' R - ^ 2 





.2 



Time 1 











a 


b 




c 





















t 
















Time 2 


















a 


5 


b 


c 














T 

92 



.3 



Time 1 











a 


b 


a 


c 





















t 
















Time 2 


















a 


b 


b 


c 














T 




$1 



a — > b,L 



.4 



Time 1 











a 


b 


a 


c 











* * a * a « 


T 

91 

Time 2 










a 


b 


b 


c 


g 











T 
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.SjiLaJI « j^iajJ (jil^Ut JSLuJIj S^jo^tXt 



Al 1 owed 



Not All owe c 



a->b,R 



<12 



?1 



?3 









a 


6 


a 


c 












II 




Allowed; 

No transition 

for input symbol C 









a 


b 


a 


c 












ft 




No possible transition HALT 




Al lowed 



Not Allowed 



guj&u A)! 



If machi ne halts 
Accept input — ^ . n a f . nal statfi 



If machine halts 
in a non-final state 

Reject Input mmmmmfr*- or 

If machine enters 
an infinite loop 

j^_«jJI 4->JLak« A j iij^-> tP-J'j 4-LL«tf I q^JU *"i i n *< i-ft-cSg 



a->a,R 
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.1 



Time 








a 


a 


a 











00 




.2 



Time 1 











a 



a 

T 



a 











.3 



Time 2 











a 



a 



a 



t 












a->a,R 
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Time 4 








a 


a 


a 











t 

ft 



a-^a,R 



Halt & Accept 




.1 



Time 









a 


h 


a 









<20 



.2 



Time 1 








a 


b 


a 











T 



a->a,R 




No possible Transition 
Halt & Reject 




.1 



Time 








a 


b 


a 











00 



b^b,L 




.2 



Time 1 



1 








a 


b 


a 











T 

1o 



.3 









a 


b 


a 









T 
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b^b,L 




Time 2 








a 


b 


a 










t 


Time 3 








a 


b 


a 










t 


Time 4 








a 


b 


a 










t 


Time 5 








a 


b 


a 











. . , Inf i nite Loop 00 




194 



gUjifcU All 








X 


a 


b 


b 









T 




x-*x,R 



Time 3 








a; 


a 


y 


b 









%2 



y-*y*R 



y->y,R y->y,L 
a-> a,R C'a -> ciX 




Ti me 4 








X 


a 


y 


b 









T 

<?2 



v-> v\R 



y—>y,R y-+y,L 
a—>a y R a—>a,L 
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.6 



Time 5 





X 


a 


y 


b 









T 



v -> V, i? 




v-^ V.I 





Time 5 








X 


X 


y 


b 









T 
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.8 



Time 7 





X 


X 


y 


b 









y-*y\R y->y,L 

a — » a, R a-*a,L 




Time 8 








X 


X 


y 


y 









T 

#2 



y-*y> R O: 




.10 



Time 9 








X 


X 


V 


V 









T 

c l2 



v -> v, R 




y->y.R y->y\L 
a — » a^R a t—> a,L 



^ -^—Zqo) 




Time 10 








X 


X 


y 


y 









00 



.11 



y — » v, R 




'0->0,£ 





x->x\R 



.12 



Time II 








X 


X 


y 


y 









y-+y\R y-^yX 

a — » cl R a -> ckL 




.13 



Time 12 








X 


X 


y 


y 









03 



V-» V,i? 
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.14 



Time 13 





X 


X 


y 


y 









Halt & Accept 



04 

a-> a*R 




y^yX 
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j^^P ^>*ai 2.5 



Input alphabet . Tape alphabet 



states 



1* V n 



M = (O, S, T, q , 0, F) 

/ / 

/ J Final states 

Transition function / / 

/ / 

Initial state blank 



<Ljj1^1II OVL»Jlj ^L^lJub^Tl d_JL*J! L^tfl u>VL»Jt i_c^j><^» • 

.<LuLgJJt OVL>Jl <Lcj^>wa • 



i^yiLUI JSLuJI 'L.{jfaLA $jS> I ^4ff>j <l,i»x Jttt j^ajJI 4^j.^>w»j OljiS ^Ul 



Conf i guratioo 











a 



a 











T 



Instantaneous description: CQ (£\ bo 



: Cr b L*£= Altf I ^ijLui LuuajS SUUgll ^la^Luil ^>£*->J 



Time 4 



Time 5 








X 


a 


y 


b 














X 


a 


y 


b 









02 00 
a wove: g 2 >- x qo ayb 



For S= {a,b}, design a Turing Machine that accepts 
L={a n b n :n>l} 



Q= {q , ql,q2, q3,q4}, 

2= {a,b} 

r= {a,b,x,y,B}, 

q 4 : accept state 

aaabbb 
xaaybb 



:i) Vl i'>jii*i1 gM^-jj O^li- J-» 




S(qo r a)=(qi,x,R) ; 
s(qi / y)=(qi,y,R) ; 
s(q2,y)=(q2,y,L) ; 

5(q 2r x)=(q ,x / R) 

s(q ,y)=(q3,yr^) ; 



S(qi,a)=(qi/a/R) 
S(qi f b)=(q 2/ y,L) 
6(q 2 ,a)=(q 2f a,L) 



s(q 3 ,y)=(q3,y,R) 



S(q 3 ,B)=(q 4 ,B,R) 

q aabb |- xq^bb |- xaqibb |- xq 2 ayb (- q 2 xayb 
\- xq ayb |- xxq x yb |~ xxyq^ |- xxq 2 yy 
|- xq 2 xyy |- xxq yy h xxyq 3 y |- xxyyq 3 B 
|"XxyyBq 4 
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•.^u^ ill CilrtjiUI 3.5 

I irl -it (J-^J i*i 1 11*1 (<) L*Jb 1 iU.y.tj ,l->" tl ( j - a jjjtSLtl ^Juj^U <Lll j*i t,-n" i ill 

jJL-JL* 2_ lJj l„ .L L ojJI Jrt «_) J _Ll»jj L-tl III 1» 4 ,lr->L>-J Ljl rt J J 1-1*1 ? t dJ_& ,j_4 

.A^jjYtj •>»*"?)« i » *i 1 1 "ilj 1 or lP-* ^*J"*i*rT) 

2QYl djL^J jjukII (<> j a i ri *i 1 1 (^Sc e-Uu riJu U I ajjfc (_>iaJ9) j! Jj_*3 jj^jj (it t*i*i *i a 
*UL>J! £<_iL£a liLajj-AjJ! iL*JU^ JuuAJVl LfcJI J*aJ ^1 2uiL^*JI ^ic 
i)LA A jg*i*i aj-jdfc A_!L>- 4.4JVI ilc-xij lil L*J ^Jj <it.a *t\_Cj^»w« (jLfl "jL-L^TiJLa 



Input 

problem 

instance 



Turing Machine. 



YES 



NO 



4. J-* 1 $*f-ij 3 j M fl't dJL>- JjAJ jJj lJl!£~U <jl <Ll**/t La V lU-iiaJI jLuu» 



YESstateK. 



■o O 



O 



NO states. 




o 



A f accepts >f> "> 



yes 



MO 



accept M' 



reject yp- 




M hafts on w 



doesn't 
halt on 



>"i<l hi lit L»] SUjui-** jj£5 iLtVl jlfl 2u3L$j *JL>- if- ^dJi^ '"'aSjS lis] 



^ - — 

c 



Vb-T 

*o — 



■c 



e,ZJ» 



.<jt»^ 2^1a^ AjVl djUb £,,u~> A ^jl l> fjX) Lq j J& 



BaabbccB 

BaabbccB 

BXabbccB 

BXabbccB 

BXaYbccB 

BXaYbccB 

BXaYbZcB 

BXaYbZcB 

BXaYbZcB 

BXaYbZcB 

BXaYbZcB 

BXXYbZcB 

BXXYbZcB 



BXXYYZcB 
BXXTOcB 
BXXYYZZB 
BXXYYZZB 
BXXYYZZB 
BXXYYZZB 
BXXYYZZB 
BXXYYZZB 
BXXYYZZB 
BXXYYZZB 
BXXYYZZB 
BXXYYZZBB (halt) 

Deci mal : 5 
Binary: 101 

Unary: 11111 



A function £ is computable if 

there is a Turing Machine h/f such that: 



Initial configuration 



Final configuration 







w 







#0 initial state 







/<h0 







final state 



For all W€D Domai n 



A function f is computable if 

there is a Turing Machine A^f such that: 



I nit i al 
Conf i gur ati on 



Fi nal 
Conf i gur at i on 



For al 1 W €z ID Domai n 



:^1U1I ot j^SV! j^Lj jVlj 

The function f^X^y) — X y is computable 

X^y are integers 



Turi ng Machine : 

Input string: 



xOy 



Output string 



unary 



unary 



xyO 

jJuj^jj 4il f>li I^iTuhL jljlflVl ^cLdj s 



.1 



a: 











...A 








A 










r 






^ 


r 






Start 





l 


l 


A 


l 





1 


A 


1 






00 

initial state 



The is the delimiter that 
separates the two numbers 



.2 











X 

A 








y 

A 










r 






^ 






\ 


Start 





l 


l 


A 


l 





1 


A 


1 






T 

#0 initial state 

x+ y 

























r 












Fi ni sh 





l 


l 


A 


1 


1 









T 

C[ J* final state 

/(*,>') = ■*+>' 



1->1,# 




1-»1,Z, 




Execution Example: 

X = 1 1 Q) 



y = U 







Time 

x y 



1 







Final Result 

x+y 











1 

T 

q 4 



1 



1 



1 











.1 



Time 





1 


1 





1 


1 






T 

90 



i.->l^> 1->1 5J R 1->1,L 




^g)J ^ 



-><>,# 



.2 



Time 1 





1 


1 





1 


1 






r 

00 




.4 



Time 3 








1 


1 


1 


1 


1 






ft 





Time A 






1 


1 


1 


1 


1 







ft 



1->1,L 





0,# 



.6 



Time 5 






1 


1 


1 


1 


1 







T 



1->1,R 1-»1R 



1->U 





Time 6 






1 


1 


1 


1— < 


1 







02 



1->1,R 1->1,# 




1->U, 




0,R 



.8 



Time 








1 


1 


1 


1 
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.9 



Time 3 








1— > 


1 


1 


1 
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-><>,# 
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.10 



Time 9 








1 


1 


1 


1 









<?3 



1->U* 1->LR 





.11 



Time 1.0 









1 


1 


1 


1 









i->U* 




0-->l,ig>^0->0,Z, /^1->0,L 





.12 



Time 11 








1 


1 


1 


1 









T 

03 



1->1,L 




Q-»1,^ 0-»0,I^1-»0,L 





.13 



T-me 12 








1 


1 


1 


1 









04 




0^1,#>^<>h><>,L^1h>0,L 



->0,jR 



HALT & accept 



The function j* (^X^ — 2x is computable 

X is integer 

Turi ng Machi ne : 

Input string: X unary 

Output string: XX unary 



Fi ni sh 



r 



X 



Start 





1 


1 


A 


1 








T 

90 



initial state 



2x 



T 



final state 








1 


1 


A 


1 


1 


1 






Turing Machine for f(jx)= "2.X 




Start 






1 


1 






:^JVl d OA iIlJl'J Suit ^JU U^j 

Firri sh 







1 



1 



1 



1 



T f 

00 ft 



1->1,L !->!,# 








The function 



1 if x > y 
^ x<y 



is computable 



r 



Turing Machine for f(x^y} — < 



v. 



1 i f 



if x<y 



Input: X0_y 
Output: 1 or 



■ 31 lilt (111) j] j^4jj| ^XIU * 



i3>>> Jj? LU.-H.Jt 2uJ U .c j1<jj-»-* ^j^l^^iSiljSsl^ftJt^lj Jiu • 

w 11 ■ ■! > La (j^sj),.,^ 'it I ljL>JLm uLux» jj <_LJi (j^s S 't <nU ljLJUjlII ^^aju J , t u a. lt 

:JULa 

. JjVb ^11) I us >>vtlj oj^b JjVl u^jjkJI JjuiuJ 

BbabB {character about to be read) 

BbabB 

BaabB 

BabbB 

BabaB 

BabaB 

BabaB 

BabaB 

BabaB 

BabaB (halts pointing at 1 st output character) 
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ifi.'JI 2UliT 

.jjjii^.j^jiaji^a .5 

.uij*. Ji^j7 ^^Cil^laiJIj^o .8 



:^ r L L*£=» (^1,111 iju^Juil <uil jLa jru-« I n^Sg <jja^». Lj-jji-t jla 



BabB BXYBa 

BabB BXYBaB 

BXbB BXYBab 

BXbB BXYBab 

BXbBB BXYBab 

BXbBa BXYBab 

BXbBa BXYBab 

BXbBa BXbBab 

BXbBa BabBab (halt) 



BXYBa 
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<JLd ill 2tf ! 

Moore &Mealy 
Machine 

6' 



<2 



:<Uit2a 1.6 



Cj\ ii . uW- £_ w)USJi t-ut 4. UjLu/ Ljj-o>l U^a a-Lg.~i.Ul AJUJI ajl j»gj, 



.<LLdlJollj <LuuUuJt ljIjIjJI (iyj <a iQJ ~i nt-iltl olxA S^ Jju . a 

ajVt 3-U2> w >^£1jj o 2Jb> AJS "U^IJjit <UjuLuJ! 4.j~ln'*tl SjlaJt J^Uj 

j *j 3 t"»»U I 3 *iUaut j Cil j " " A « " A j*j 1^-" 3 .fa&lau * "j 1 > j aLaJUJI 2_ 

j UUl Oljf J-J iiU'it.) jiaj <ii^ "tl " l-l U a If Lg^ti ir * T m l j_SUj Jij 3 ^ g Su tl 



3=1 



* si: 



Excitation 
Variables 



j^^^liL^tCiLisiiaifiiii^^ j^>4i Flip-Flops 



RS JalUDI • 
T JoUaLJI • 



■ £jL>mj Ji>|jJLI ri-CJ-ftJ-va • 

. Jjxloil (jyic {V^oll c>^Hi «t irtj't 4jJLUI 4JL>JI 

Jj>|jqi ^lI <^±c Juiu*i p\ j&l£sa 2LJQJ1 a_>L>Jt prt-o a^II ajjbtll • 

l£ ;.' n J a Jg"*'* 1 2 t> ^' r^" " A t* ^-t^-" --J ^'j S~ fl"'* 1 Jj * * 

iJUJI Ji»|jull (^-Lc 1-aLa.VI L^xic LJuLj ^^-iuj jl jt 2l_JLjJI 4_UL>. 

.2lJL>JI 

Clear ^ _ti oL-biwi 4. a«.*,u,, ti j^uai ,>_» 

Preset ^»»iyi ^1 jiui j*.o-»j 

*$->-j U>l J^IjlXI (j-lc (£>_>.Yl ^.i iitt j_laJJI gri inj h ust iUSLsJI ^1 Jal U'iTI 

flui^Lo/jfj ((j^JkVl JS.|jJ,I ^JLs Sjj-^11 (*j-aJI (j-c j tVJl u^i 4i 1 iJl»JI 
dJUJI luil ^Ufri.Ul iUUJI 3JI (ftjq.ml iL. 2U«L»J j«u<^airi <UUg 2- Jo Halt I 



_pLu 2l_JUll 4JL»JI ol-a iJUJI aXa 





s 


Q 




>Clk 






R 





^LLaUl to^ ^JQlf uj|>y£jf JjlLj. 2_ ^Ludlj i-J^I J^l^t (<Mi 









T 
1 



1 





Qfnext) 

TsT" 



1 



•.^ sljuji ajujij ji-ioii iutuai 2QL»jt Jau^i ^jtj s^ai 4j^L»il 

Q (next) = S + R'Q 
SR = 





1 
1 



' 

~ o 





1 


X 



R 

X 

__. 

1 





JK JaUolj) 

ajJb 2Lj Ji*UI 2Llc 1 {VcJaJl ^ • ^U^t JaLtaUl uLalUUI <Uuu 

2 r uu»ys\ ah^,>n jl. a^uji jjl^ji ^ Joiiaiii aju>ji 



J Q 

- >cik 

— K Q'f— 



.-JolIaJJI I Jl£ (jrf^l uif^dJI JjJUK 2_ ^^ullj iUtUUl J^loXI 



J 







T 
__ 

i 



Q(next) 

" 

_ 



< jJLt4 Alt jj»> ATT 



:ty * 2ljl>ji iuujij j^iuii iuiuai sauji da^j ^aij sj^i ibuu 
Q (next) = JQ' + K'Q 








Q(next) 



o 

i 

X 
X 



K 

X 
X 
1 


D JalWI 



i^jSa £x K J J*. Jill J-»^J ^ JK d»UaU! U^JI <U«u daUaj 




■■Vtiu-.ti (j^j ^JUlt Jja*. 2- '^^'i J^-tJit 
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D I Qfnext) J 

' ... ; 



:cr 4> i-JUJI iJUJIj Jj.1 ail 4JL>JI Jajp ^Jfj SJj^il aJjUII 

Q (next) = D 

A^jLA^Ljy^LlLx ^1 2UIUJI JJUJI Js Haiti 

r o " T ~ ~o 

i. ... . ; 

, __ _ r _ 

r ™r * " o 
f i i 





T 
o 

T 



/Xl«2JI Ail 



T \ Q(next) j 
T f Q(next) j 

4-JL>vSI AJL>J!j J_i»l all fUeu JlJULM 2JL>Ji Jajyj ^Jtj SJj^XI AJaUit 

Q (next) = TQ' + T'Q 

o I o '[ " j 

r o ~r~ i — r~~r "~i 

jy-Jlj 3 fii\ in tl Glial U 'i 1 1 4~t)\ Jj|JU> ^ a I a <jrU-* JjJU>- <j_Lj t,.»tflj 



Desired trajisiteoa 


Triggering signal needed 


Q(t} Q(H1) 


S R 


J K 


D 







x 


x 








1 


1 


1 X 


1 


I 


1 


1 


X 1 





1 


1 1 


x 


x 


1 
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Sjb LgJuo J_S== uitlLajj <U_£j_JI 4JL>Jt 4JI »iL«j JLU J Li Li ^u aJ 

JUJ^J (ft^-cS ljr _Ly) dJ! 4_ it_JL>JI iLJL>J! Cr ic .l<ujlj t_>l jial JSLiJ OL^i^l 
jLftluu ljU! jlll ^j-ai OLkj^iil 0' t^t l5>*-' cs^' u-« JLoiil oJu: LJU».j^il 
Li»L»JI oUJl^tl jiteL^JI (jr\^Jj i_JL>JI <QL»J! 4-*^ 4_JL>J! tl>>LVui! pxS ^ 

Synchronous Moore Machine 



Input 



Present 
State 



Comb 



Next 
State 




Output 



Output Is Only a 
Function of Present State 



Clock 
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Synchronous Mealy Machine 



Input 



Present 
State 




Output 



Output Is Function of 
Present State A.X1? 
Present Input 



Clock 



00 
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Machine is a quintuple of sets 

M = (S, I, 0,5, {3 ) 
S: Finite set of states 
I: Finite set of inputs 



O: Finite set of outputs 

8: State transition function 

$/\: Mealy/Moore output function 

.CiVUJI j»t,.v>.1„/lj ilSLu.il JxUj • 

Af = {S,LO, 8, p ) 
# { A, B, C, D } 
I: { 0, 1 } 

(9: { 0, 1 } = { not detected, detected} 
S: next figure 
J3: next figure 
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Present 
State 


Present Input 





1 


A 


B/0 


A/0 


B 


B/0 


C/0 


C 


D/0 


A/0 


D 


B/0 


C/1 



Next State/Output 
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M={S 7 lO,S,A) 
S\ { A, B, C, D, E } 
I: { 0, 1 } 

O. { 0, 1 } = { not detected, detected} 
S: next figure 
A: next figure 




Present 
State 


Present Input 


Output(X) 





1 


A 


B 


A 





B 


B 


C 





C 


D 


A 





D 


B 


E 





E 


D 


A 


1 



Next State 



:2u^uXI 3JUJt njnirtl 3.6 

,uiu,',n -j^'tt Jj '-^ ^i.i^.~,..tjij jtay.Vi jj iy ,f.< .5 

State S Q : zero Is detected 
State S t : one 1 detected 
State S 2 : two 1s detected 
State S 3 : three Is detected 
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S = 00 S 2 = 10 
^ = 01 S 3 = 11 

.Dtloliaill jli*ilj2 ^cjjAlsd! uALLUUt iJLC • 
:3 i ( All aJLaJt i/jluu JallalM JS-Jua jl life Ja->.V Jl£u¥t Jj-^- * 
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Present 


Trmn? 


Next 




State 


State 


Output 


A B 


X 


A 


B 


y 




















1 





1 





1 














1 


1 


1 








1 














1 


1 


1 


1 





1 1 











1 


1 1 


1 


1 


1 


1 



jUeliajJt Sjirt'^tt ljV^UII ^ylc Jjirt-xU ^jjl^a Jail jJ>~ ^..t^ili.ii't * 



fit 



B 



01 11 10 







! 








1 















i 


i 

















i 





D A *Ax*Bx D B = Ax*B'x 



yU* All All AtuJUJIftJ^I 




^■u Aft^fr* Alt 



Reset 




Present State input 


Next State Output 


Even 


Even 


Even 1 


Odd 


Odd 


Odd 1 


Odd 1 


Even 1 


Symbolic State Transition Table 


Present State Input 


Next State Output 








1 


1 


1 


1 1 


1 1 


1 



MS = PSxorPI; OUT = PS 



Input 



CLK 

JUL j 



D FF Implementation 



>R Q 
\Reset | 



D Q 



PS/Output 
a — 



Input 
Clk 

Output 






1 1 





1 





1 1 1 



1 1 1 



1 1 







Timing Behavior: input 100110101110 



0/0 

EvealT input 

yi _ O/P is dependent 

on anient stat e and 
^ Output input ia Mealy 

Transition ^ O^d 
Arc 




.'^Jb L*£a ilVl Aju^j^uoj /jiL«_i 



Coin 
Sensor 




Gum 
Release 
Mechanism 




Present Inputs 
State D N 


Next Output 
State Open 


00 

1 

1 
1 1 


00 
50 
100 
X X 


50 

1 

1 
1 1 


50 
100 
150 
X X 


100 

1 

1 

1 1 


100 
150 
150 
X X 


150 X X 


150 1 
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Present State Inputs 
Qi Q D N 



Next State 
D, D 



Output 
Open 









1 

1 
1 1 





1 

1 
X X 







X 



1 





1 

1 

1 1 



1 


1 

X X 






X 



1 





1 

1 

1 1 





1 
1 

X X 






X 



1 1 





1 

1 

1 1 



X X 



1 
1 
1 

X 



,Q1QQ 



Q1 



dS\ M oi '11 m 



on 








1 


1 


01 





1 


1 


1 


« 




X 


X 


X 


xl 


10 




1 


1 


1 


i 



w 

K-mapforDI 



D 

00 



Q1 






1 


1 









1 





1 


1 


X 


X 


X 


X 





1 


1 


1 









N 



K-mpforDO 



vQ1Q0 



Q1 



10J ai Koo oi '11 io 

00 
01 



10 









T 











1 





X 


X 


X 


X 








I 






K-map for Open 
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Preset State inputs 
0,0, DM 



J( Excitation Table 




Next State J. K. i> K 
Q1 Qfi 

T 1 X X 
XX X XXX 



TT~1 — D X X 

10 1 X X 1 
111 X X 
XX X XXX 



1 o x — X 

1 1 X 1 X 
H-J X 1 X 



X Tr*(xT^ 

I 1 X 0X0 

II X x 
XX X x x X 



\Q1Q0 



>Q1G0 









X 


X 


00 


X 


X 











1 


x 


X 




01 

N _ 


X 


X 








X 


X 


x 


X 


rt 


11 
10 


X 


X 


X 


X 


1 


1 


X 


X 




X 


X 









Q0 

sQ1 Q0 — 9L-. 
ON\ 00 01 ' 11 10 ' 






X 


X 





1 


X 


X 


T 


X 


X 


X 


K 





X 


X 


i 



QO 

Q1O0 01 

00 01 11 10 ' 



N 

J O 



J1 = D + Q0 N 
K1 = 

J0 = N + Q1 D 
K0 = Q1N 




QO 



QO 



(1101 Ja^iJI udlA^aV jO^tyiiJ^ailu-' 




0/0 




0/0 



^U«4Jtj^« All 



Present State Input 


Next State 


Output 


A B X 


a 

n 


R 

u 


Y 














1 





1 





1 











1 1 


1 








1 


1 


1 





1 1 


1 








1 1 











1 1 1 





1 


1 










Anext = ABX + AB 









B^A'B'X+AB'X'+ABX 



Y = ABX 
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